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Abstract—With the massive multi-input multi-output (MIMO)
antennas technology adopted for the fifth generation (5G) wireless
communication systems, a large number of radio frequency
(RF) chains have to be employed for RF circuits. However,
a large number of RF chains not only increase the cost of
RF circuits but also consume additional energy in 5G wireless
communication systems. In this paper we investigate energy
and cost efficiency optimization solutions for 5G wireless com-
munication systems with a large number of antennas and RF
chains. An energy efficiency optimization problem is formulated
for 5G wireless communication systems using massive MIMO
antennas and millimeter wave technology. Considering the non-
concave feature of the objective function, a suboptimal iterative
algorithm, i.e., the energy efficient hybrid precoding (EEHP)
algorithm is developed for maximizing the energy efficiency of
5G wireless communication systems. To reduce the cost of RF
circuits, the energy efficient hybrid precoding with the minimum
number of RF chains (EEHP-MRFC) algorithm is also proposed.
Moreover, the critical number of antennas searching (CNAS) and
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user equipment number optimization (UENO) algorithms are
further developed to optimize the energy efficiency of 5G wireless
communication systems by the number of transmit antennas
and UEs. Compared with the maximum energy efficiency of
conventional zero-forcing (ZF) precoding algorithm, numerical
results indicate that the maximum energy efficiency of the
proposed EEHP and EEHP-MRFC algorithms are improved by
220% and 171%, respectively.
Index Terms—Energy efficiency, cost efficiency, radio fre-
quency chains, baseband processing, 5G wireless communication
systems I. INTRODUCTION
The massive multi-input multi-output (MIMO) antennas and
the millimeter wave communication technologies have been
widely known as two key technologies for the fifth generation
(5G) wireless communication systems [1]–[6]. Compared with
conventional MIMO antenna technology, massive MIMO can
improve more than 10 times spectrum efficiency in wireless
communication systems [7]. Moreover, the beamforming gain
based on the massive MIMO antenna technology helps to
overcome the path loss fading in millimeter wave channels.
For MIMO communication systems with traditional radio
frequency (RF) chains and baseband processing, one antenna
corresponds to one RF chain [8], [9]. In this case, a large
number of RF chains has to be employed for massive MIMO
communication systems. These RF chains not only consume
a large amount of energy in wireless transmission systems but
also increase the cost of wireless communication systems [10].
Therefore, it is an important problem to find energy efficient
solutions for 5G wireless communication systems with a large
number of antennas and RF chains.
To improve the performance of multiple antenna transmis-
sion systems, hybrid precoding technology combining digital
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baseband precoding with analog RF precoding was investi-
gated in [9], [11]–[17]. Based on the joint design of RF
chains and baseband processing, a soft antenna subset selection
scheme was proposed for multiple antenna channels [9]. When
a single data stream is transmitted, the soft antenna subset
selection scheme was able to achieve the same signal-to-noise
ratio (SNR) gain as a full-complexity scheme involving all
antennas in MIMO wireless communication systems. By for-
mulating the problem of millimeter wave precoder design as a
sparsity-constrained signal recovery problem, algorithms were
developed to approximate optimal unconstrained precoders
and combiners in millimeter wave communication systems
with large antenna arrays [11]. To maximize the sum rate
of MIMO communication systems, a hybrid beamforming ap-
proach was designed indirectly by considering a weighted sum
mean square error minimization problem incorporating the
solution of digital beamforming systems [12]. Based on a low-
complexity channel estimation algorithm, a hybrid precoding
algorithm was proposed to achieve a near-optimal performance
relative to the unconstrained digital solutions in the single user
millimeter wave communication system [13]. To reduce the
feedback overhead in millimeter wave MIMO communication
systems, a low complexity hybrid analog/digital precoding
scheme was developed for the downlink of the multi-user com-
munication systems [14]. To maximize the minimum average
data rate of users subject to a limited RF chain constraint and
a phase-only constraint, a two stage precoding scheme was
proposed to exploit the large spatial degree of freedom gain
in massive MIMO systems with reduced channel state infor-
mation (CSI) signaling overhead [15]. Based on phase-only
constraints in the RF domain and a low-dimensional baseband
zero-forcing (ZF) precoding, a low complexity hybrid precod-
ing scheme was presented to approach the performance of
the traditional baseband ZF precoding scheme [16]. Compared
with the digital beamforming scheme, the hybrid beamforming
scheme was shown to achieve the same performance with the
minimum RF chains and phase shifters in multi-user massive
MIMO communication systems [17]. In the above studies,
hybrid precoding schemes have rarely been investigated to
optimize the energy efficiency of massive MIMO communica-
tion systems. While in cellular communication systems, energy
efficiency has been considered as a critical performance metric
[18], [19].
To improve the energy efficiency of MIMO communication
systems, some digital precoding schemes have been studied
in [20]–[22]. Based on static and fast-fading MIMO channels,
an energy efficient precoding scheme was investigated when
the terminals are equipped with multiple antennas [20]. Jointly
considering the transmit power, power allocation among date
streams and beamforming matrices, a power control and
beamforming algorithm was developed for MIMO interference
channels to maximize the energy efficiency of communication
systems [21]. Transforming the energy efficiency of MIMO
broadcast channel into a concave fractional program, an opti-
mization approach with transmit covariance optimization and
active transmit antenna selection was proposed to improve the
energy efficiency of MIMO systems over broadcast channels
[22]. With the massive MIMO concept emerging as a key
technology in 5G communication systems, the energy effi-
ciency of massive MIMO has been studied in several papers
[10], [23]–[27]. Based on a new power consumption model for
multi-user massive MIMO, closed-form expressions involving
the number of antennas, number of active users and gross
rate were derived for maximizing the energy efficiency of
massive MIMO systems with ZF processing [10]. When linear
precoding schemes are adopted at the BS, it is proved that
massive MIMO can improve the energy efficiency by three
orders of magnitude [23]. Considering the transmit power
and the circuit power in massive MIMO systems, a power
consumption model has been proposed to help optimize the
energy efficiency of multi-cell mobile communication systems
by selecting the optimal number of active antennas [24].
When the sum spectrum efficiency was fixed, the impact
of transceiver power consumption on the energy efficiency
of ZF detector was investigated for the uplinks of massive
MIMO systems [25]. Considering the power cost by RF
generation, baseband computing, and the circuits associated
with each antenna, simulation results in [26] illustrated that
massive MIMO macro cells outperforms LTE macro cells in
both spectrum and energy efficiency. To maximize the energy
efficiency of the massive MIMO OFDMA systems, an energy
efficient iterative algorithm was proposed by optimizing the
power allocation, data rate, antenna number, and subcarrier
allocation in [27].
However, in all the aforementioned studies, only the trans-
mission rate and the hardware complexity of hybrid precod-
ing systems were analyzed for MIMO or massive MIMO
communication systems. Moreover, energy efficient solutions
for the RF chains and the baseband processing of 5G wire-
less communication systems is surprisingly rare in the open
literature. On the other hand, the energy and cost increase
through using a large number of RF chains is an inevitable
problem for 5G wireless communication systems. Motivated
by the above gaps, in this paper we propose energy and cost
efficient optimization solutions for 5G wireless communication
systems with a large number of antennas and RF chains. The
contributions and novelties of this paper are summarized as
follows.
1) The BS energy efficiency including the energy consump-
tion of RF chains and baseband processing is formulated
as an optimization function for 5G wireless communi-
cation systems adopting massive MIMO antennas and
millimeter wave technologies.
2) Considering the non-concave feature of the optimization
objective function, a suboptimal solution is proposed
to maximize the BS energy efficiency using the energy
efficient hybrid precoding (EEHP) algorithm.
3) To reduce the cost of RF circuits, the energy efficient
hybrid precoding with the minimum number of RF
chains (EEHP-MRFC) algorithm is developed to tradeoff
the energy and cost efficiency for 5G wireless commu-
nication systems.
4) To utilize the user scheduling and resource manage-
ment schemes, the critical number of antennas search-
ing (CNAS) and user equipment number optimization
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Fig. 1 system model.
(UENO) algorithms are developed to maximize the en-
ergy efficiency of 5G wireless communication systems.
The remainder of this paper is outlined as follows. Section
II describes the system model of 5G wirelss communication
systems and the energy efficiency optimization problem is for-
mulated. In Section III, an iteration algorithm, i.e., the EEHP
algorithm is developed to maximize the energy efficiency of
5G wireless communication systems. To save the cost of RF
circuits, the EEHP-MRFC algorithm is developed to tradeoff
the energy and cost efficiency in Section IV. Moreover, the
CNAS and UENO algorithms are developed to optimize the
energy efficiency of 5G wireless communication systems con-
sidering the number of transmit antennas and user equipments
(UEs). Detailed numerical simulations are presented in Section
V. Finally, conclusions are drawn in Section VI.
II. SYSTEM MODEL
Considering the impact of massive MIMO antennas on the
RF chains and the baseband processing, the energy efficiency
of 5G wireless communication systems has to be rethought.
In the following, we describe the system configuration of 5G
wireless communication systems, including massive MIMO
antennas, RF chains and the baseband processing. Moreover,
the energy efficiency optimization problem of 5G wireless
communication systems is formulated.
A. System Configuration
Without loss of generality, a single cell scenario is illustrated
in Fig. 1, where a BS and K UEs are located in the 5G
wireless communication system. The BS is assumed to be
equipped withNTx antennas. And based on the massive MIMO
configuration, we assume NTx > 100 in our system [7], [23].
There are K active UEs, each with a single antenna, that are
associated with the BS. Moreover, the transmission system
of BS is equipped with NRF RF chains. One baseband data
stream is assumed to be associated with one UE in 5G wireless
communication systems. In this paper, our studies focuses on
the downlinks of 5G wireless communication systems.
The received signal at the kth UE is expressed as
yk = h
H
k BRFBBBx+ wk; (1)
where x = [x1; :::; xk; :::; xK ]
H is the signal vector transmit-
ted from the BS to K UEs, where the xk; k = 1; :::;K, are
assumed to be independently and identically distributed (i.i.d.)
Gaussian random variables with zero mean and variance of 1;
BBB 2 CNRFK is the baseband precoding matrix, where the
kth column of BBB is denoted as bBB;k which is the baseband
precoding vector associated with the kth UE; BRF 2 CNTxNRF
is the RF precoding matrix which is performed by NRF RF
chains; wk is the noise received by the kth UE. Moreover, all
noises received by UEs are denoted as i.i.d. Gaussian random
variables with zero mean and variance of 1. The vector hHk is
the downlink channel vector between the BS and the kth UE.
The downlink channel matrix between the BS and K UEs is
denoted as HH = [h1; :::;hk; :::;hK ]
H . The power consumed
to transmit signals for the kth UE is expressed as
Pk = kBRFbBB;kxkk2 = kBRFbBB;kk2: (2)
Note that the consumed power for transmitting signals in
(2) is expended for a given bandwidth W , which is set to be
20MHz in this paper [10]. The millimeter wave communica-
tion technology is adopted for 5G wireless communication
systems. Considering the propagation characteristic of mil-
limeter waves in wireless communications, a geometry-based
stochastic modeling (GBSM) is used to express the millimeter
wave channel as follows [11], [12], [28], [29]
hk =
s
NTxk
Nray
NrayX
i=1
kiu ( i; #i); (3)
where Nray is the number of the multipath between the BS
and K UEs. k = /l

k is the large scale fading coefficient
over the wireless link between the BS and the kth UE.  is
the lognormal random variable with the zero mean and the
variance of 9.2 dB. lk is the distance between the BS and
the kth UE.  is the path loss exponent. ki is the complex
gain of the ith multipath over the kth UE link, which denotes
the small-scale fading in wireless channels and is governed
by a complex Gaussian distribution. Moreover, ki is i.i.d. for
different values of k(k = 1; :::;K) and i(i = 1; :::; Nray).
 i and #i are the azimuth and the elevation angle of the
ith multipath at the BS antenna array, respectively. u ( i; #i)
is the response vector of BS antenna array with the azimuth
 i and the elevation angle #i. Without loss of generality, the
BS antenna array is assumed as the uniform planar antenna
array in this paper. Therefore, the response vector of BS
antenna array with the azimuth  i and the elevation angle
#i is expressed as [30]
u ( i; #i) =
1p
NTx
[1; : ::; ej
2
 d(m sin( i)sin(#i)+ncos(#i));
:::; ej(NTx 1)
2
 d((M 1) sin( i)sin(#i)+(N 1)cos(#i))
iT ;
(4)
where d is the distance between adjacent antennas,  is the
carrier wave length,M and N are the row and column number
of the BS antenna array, respectively. m is denoted as the mth
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antenna in the row of the BS antenna array, 1 6 m < M ; n is
denoted as the nth antenna in the column of the BS antenna
array, 1 6 n < N .
B. Problem Formulation
Based on the system model in Fig. 1, the link spectrum
efficiency of the kth UE is expressed as
Rk = log2
0BBB@1 + hHk BRFbBB;kbHBB;kBHRFhkKP
i=1;i6=k
hHk BRFbBB;ib
H
BB;iB
H
RFhk + 
2
n
1CCCA :
(5)
Note that from (5) we get the instantaneous spectrum
efficiency. And in this paper, we assume that the BS transmitter
has perfect CSI, i.e. channel vectors hk; k = 1; :::;K are
known at the BS. This assumption is widely adopted for the in-
vestigation of precoding problems in massive MIMO systems
and millimeter wave transmission systems [11], [12], [23],
[24]. In practical wireless communication systems, the CSI can
be obtained through uplink channel estimation then applied
to downlink precoding based on the channel reciprocity in
the time division duplex (TDD) mode [7], [31]. Moreover,
the millimeter wave multipath channel estimation utilizing
compressed channel sensing was investigated in [13] and
[32]. Furthermore, considering all the UEs, the sum spectrum
efficiency is expressed by
Rsum =
KX
k=1
Rk: (6)
The total BS power is expressed as
Ptotal =
1

KX
k=1
kBRFbBB;kk2 +NRFPRF + PC; (7)
where  is the efficiency of the power amplifier, and the term
KP
k=1
kBRFbBB;kk2 is the power consumed to transmit signals
for K UEs over the given bandwidth W , PRF is the power
consumed at every RF chain which is comprised by converters,
mixers, filters, phase shifters, etc. Considering the number of
antennas is fixed in a wireless communication system, the
number of phase shifters is also fixed since each phase shifter
is associated with one antenna. PC is the power consumed for
site-cooling, baseband processing and synchronization in the
BS. To simplify the derivation, PC is fixed as a constant.
In this paper, we focus on how to maximize the BS
energy efficiency (bits per Joule) by optimizing the baseband
precoding matrix BBB, the RF precoding matrix BRF and
the number of RF chains NRF. This optimization problem is
formed by
 
N optRF ;B
opt
RF ;B
opt
BB

= arg max
NRF;BRF; BBB
 =
WRsum
Ptotal
s.t.
[BRF]i;j2 = 1NTx
Rk >  k; k = 1; :::;K
KX
k=1
kBRFbBB;kk2 6 Pmax
; (8)
where W is the transmission bandwidth,  k is the mini-
mum spectrum efficiency required by UEk, and Pmax is the
maximum transmit power required for wireless downlinks. In
general, the RF precoding is performed by phase shifters,
which can change the signal phase but can not change the
signal amplitude. Therefore, the amplitude of RF precoding
matrix is fixed as a constant, which is added as a constraint
for (8), i.e.,
[BRF]i;j2 = 1NTx . Furthermore, there exists a
minimum data rate required by each UE in practical appli-
cations. The minimum data rate is obtained by multiplying
the corresponding minimum spectrum efficiency by the band-
width. Since the bandwidth is fixed in this paper, an equivalent
minimum spectrum efficiency constraint is used to satisfy
the minimum data rate requirement, which is expressed as
Rk >  k; k = 1; :::;K in (8). And
KP
k=1
kBRFbBB;kk2 6 Pmax
is the maximum transmit power constraint.
III. ENERGY EFFICIENT HYBRID PRECODING DESIGN
To maximize the energy efficiency in (8), an EEHP algo-
rithm is developed to jointly optimize the baseband precoding
matrix, the RF precoding matrix and the number of RF chains
in the following.
A. Upper Bound of Energy Efficiency
Based on definitions of the baseband precoding matrix and
the RF precoding matrix, the size of BRF 2 CNTxNRF and
BBB 2 CNRFK is related with the number of RF chains
NRF. To simplify the derivation, we first fix the number of
RF chains. Based on the optimization objective function in
the Section II, (8) is a non-concave function with regard to
BRF and BBB. In general, there does not exist an analytical
solution for such non-concave functions. To tackle this prob-
lem, B = BRFBBB is configured as a digital precoding matrix
B 2 CNTxK , B = [b1; :::;bk; :::;bK ] whose size does not
depend on the number of RF chains NRF. Furthermore, the
amplitude of B is free from the constraint
[BRF]i;j2 = 1NTx .
Substituting the digital precoding matrix B into (8) and
neglecting the constraint
[BRF]i;j2 = 1NTx , the optimization
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Algorithm 1 Energy Efficient Hybrid Precoding-A (EEHP-A) algorithm.
Begin:
1) Assuming B(0) to be the initial digital precoding matrix, 
(0)k and 
(0)
k are calculated by (10) for the UE UEk; k =
1; :::;K;
2) At the nth, n = 1; 2; :::, iteration step, the iterative step length (n)k is searched within [0; 1] for all K UEs

(n)
k = arg max

(n)
k 2[0;1]


INTx + 
(n)
k
h

(n 1)
k
i 1


(n 1)
k   INTx

b
(n 1)
k

s.t. Rk

INTx + 
(n)
k
h

(n 1)
k
i 1


(n 1)
k   INTx

b
(n 1)
k

>  k
KX
k=1
INTx + (n)k h(n 1)k i 1
(n 1)k   INTxb(n 1)k 2 6 Pmax
; (12)
3) Based on (n)k , the digital precoding matrix b
(n)
k is calculated at the nth n = 1; 2; ::: iteration step
b
(n)
k =

INTx + 
(n)
k
h

(n 1)
k
i 1


(n 1)
k   INTx

b
(n 1)
k ; (13)
4) Based on b(n)k and (10), 

(n)
k and 
(n)
k are updated;
5) Return to step 2 and keep iterating till b(n)k converges.
end Begin
problem in the Section II is transformed as
Bopt = arg max
B
 =
W
KP
k=1
Rk
1

KP
k=1
kbkk2 +NRFPRF + PC
s.t. Rk >  k; k = 1; :::;K
KX
k=1
kbkk2 6 Pmax
; (9a)
where
Rk = log2
0BBB@1 + hHk bkbHk hkKP
i=1;i6=k
hHk bib
H
i hk + 
2
n
1CCCA : (9b)
Based on (9), the energy efficient is maximized by op-
timizing the digital precoding matrix B, where B is only
constrained by the maximum transmit power Pmax and the
minimum spectrum efficiency  k. Assume that the maximum
energy efficiency in (8) is denoted as max. Similarly, assume
that the maximum energy efficiency in (9) is denoted as max.
Compared (8) with (9), two optimization problems have the
same objective function. But (9) has less constraints than that
of (8). Therefore, the solution of (9), i.e., the maximum energy
efficiency of (9) is larger than or equal to the solution of
(8), i.e., the maximum energy efficiency of (8). Therefore,
the maximum energy efficiency max is upper bounded by the
maximum energy efficiency max, i.e., max 6 max.
B. Energy Efficiency Local Optimization
Considering (9) is a non-concave function, it is difficult
to find a global optimization solution for this optimization
problem. A local optimization solution opt with the optimal
digital precoding matrix Bopt =

bopt1 ;    ;boptk ;    ;boptK

is
first derived for the energy efficiency optimization in (9).
Denoting the energy efficiency and spectrum efficiency in
(9) as functions of bk, i.e.  (bk) and Rk (bk). The gradient
of  (bk) with respect to bk is derived by
@ (bk)
@bk
=
2
P 2
[
k  k]bk; (10a)
with

k =
Phkh
H
k
KP
j=1
hHk bjb
H
j hk + 
2
n
; (10b)
k =
KP
i=1
Ri
 ln 2
INTx+
P
KX
i=1;i6=k
 
hHi bib
H
i hi
(i)
2
+ ihHi bib
H
i hi
 hihHi
!
;
(10c)
P =
1
W
 
1

KX
k=1
kbkk2 +NRFPRF + PC
!
; (10d)
i =
KX
j=1;j 6=i
hHi bjb
H
j hi + 
2
n; (10e)
where i is the sum of the received interference power and
the noise power for the UE UEi; i = 1; :::;K. Ri is obtained
from (9b) by replacing k with i.
When the zero-gradient condition @(bk)@bk = 0 is applied,
the local optimization solution for the UE UEk; k = 1; :::;K
is derived as
kbk = 
kbk: (11)
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To obtain the optimal digital precoding matrix Bopt of the
local optimization solution, an iterative algorithm is developed
and called the energy efficiency hybrid precoding-A (EEHP-
A) algorithm on the top of the previous page.
Based on the EEHP-A algorithm, the boptk is obtained by the
converged b(n)k . After obtaining b
opt
k , k = 1;    ;K for all K
UEs, the local optimization solution opt is achieved. To ensure
the convergence of EEHP-A algorithm, the corresponding
proof is given as follows.
Proof : Assuming X =
h

(n 1)
k
i 1


(n 1)
k b
(n 1)
k , (12)
and (13) are rewritten as

(n)
k = arg max

(n)
k 2[0;1]

n

(n)
k X+

1  (n)k

b
(n 1)
k
o
s.t. Rk

b
(n)
k

>  k
KX
k=1
b(n)k 2 6 Pmax
; (14)
b
(n)
k = 
(n)
k
h

(n 1)
k
i 1


(n 1)
k b
(n 1)
k +

1  (n)k

b
(n 1)
k
= 
(n)
k X+

1  (n)k

b
(n 1)
k
:
(15)
:
For the UE UEk; k = 1; :::;K, 
(n 1)
k based on (10c) is a
Hermitian symmetric positive matrix. Hence, (n 1)k can be
denoted as (n 1)k = ZZ
H , where Z is a symmetric positive
definite matrix. Furthermore, the following result is derived as
(16):
24@

b
(n 1)
k

@b
(n 1)
k
35H X  b(n 1)k 
=
2
P 2
h
b
(n 1)
k
iH 


(n 1)
k  (n 1)k

h

(n 1)
k
i 1


(n 1)
k   1

b
(n 1)
k
=
2
P 2
h
b
(n 1)
k
iH 


(n 1)
k
h

(n 1)
k
i 1


(n 1)
k  
2

(n 1)
k +
(n 1)
k

b
(n 1)
k
=
2
P 2
h
b
(n 1)
k
iH
Z 1
(n 1)k  
(n 1)k
H

Z 1
(n 1)k  
(n 1)k

b
(n 1)
k   0
: (16)
Based on (16) and the proposition in [34], 

b
(0)
k

6


b
(1)
k

6    6 

b
(n)
k

are non-decreasing sequences
for the UE UEk; k = 1; :::;K. Moreover,  (bk) is upper-
bounded according to the proposition in [21]. It is easily
known that the upper-bounded non-decreasing sequence ap-
proaches to a convergence value. Therefore,  (bk) in EEHP-A
is proved to converge.
C. Hybrid Precoding Matrices Optimization
Based on (9) and the EEHP-A algorithm, the local opti-
mization solution opt is obtained. When the hybrid precoding
matrices BRFBBB approach the optimal digital precoding
matrix Bopt with the constraint
[BRF]i;j2 = 1NTx , the energy
efficiency  will approaches the local optimization solution
opt. Therefore, the optimal hybrid precoding matrices BoptRF
and BoptBB can be solved by minimizing the Euclidean distance
between BRFBBB and Bopt [11], [12], [35]
 
BoptRF ;B
opt
BB

= arg min
BRF; BBB
Bopt  BRFBBBF
s:t:
[BRF]i;j2 = 1NTx
: (17)
Considering the non-convex constraint
[BRF]i;j2 = 1NTx
[33], it is not tractable to analytically solve the optimization
problem in (17). Based on the millimeter wave channel in
(3), the entries of BS antenna array steering matrix U =
u ( 1; #1) ; :::;u ( i; #i) ; :::;u
 
 Nray ; #Nray
 2 CNTxNray
are constant-amplitude which can be implemented by phase
shifters in BS RF circuits. Meanwhile, as pointed out in [11],
the columns vectors of steering matrix U are independent
from each other in millimeter wave channels. Moreover,
U 2 CNTxNray and BRF 2 CNTxNRF have the same row
numbers. To simplify the engineering application, NRF column
vectors are selected from U to form the column vectors of
BRF. The detailed vector selection method is described in
the EEHP-B algorithm. Furthermore, the baseband precoding
matrixBBB is optimized by approachingBRFBBB toBopt. As a
consequence, the optimization problem in (17) is transformed
as follows
_
B
opt
BB = arg min
BBB
Bopt  U_BBB
F
s:t:
diag
 
_
BBB
_
B
H
BB
!
0
= NRFU_BBB2 = Bopt2
; (18)
where
_
BBB 2 CNrayK is a digital precoding matrix con-
strained by
diag
 
_
BBB
_
B
H
BB
!
0
= NRF, and
_
BBB has NRF
non-zero rows;
U_BBB2 = kBoptk2 is the transmit power
constraint. As a result, the energy efficient hybrid precoding-B
(EEHP-B) algorithm is developed for the optimization problem
in (18) as follow.
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Algorithm 2 Energy Efficient Hybrid Precoding-B (EEHP-
B) algorithm.
Begin:
1) Preset BRF as an NTx  NRF empty matrix, and set
Btemp = B
opt;
2) For i = 1 : 1 : NRF
 = UHBtemp;
v = arg max
v=1;:::;Nray

H

v;v
;
BRF =
h
BRF
 [U] : ; v i;
BBB,temp =
 
BHRFBRF
 1
BHRFB
opt;
Btemp =
Bopt BRFBBB,temp
kBopt BRFBBB,tempkF ;
End for
3) BoptRF is solved by the step 2. The optimal base-
band precoding matrix is calculated by BoptBB =
kBoptkF BBB,tempkBoptRFBBB,tempkF .
end Begin
Since the EEHP-B algorithm has the specified cycle number,
i.e., NRF, the EEHP-B algorithm is guaranteed to converge.
When the optimal hybrid precoding matrices BoptRF and B
opt
BB
are submitted into (8), an optimal energy efficiency opt can be
obtained. Based on the EEHP-B algorithm, the value of opt
approaches to the value of opt, i.e., opt 6 opt. Considering
opt is a locally optimal solution for the energy efficiency
optimization in (9), opt is also a locally optimal solution for
the energy efficiency optimization in (8).
D. number of RF chains Optimization
Based on EEHP-A and EEHP-B algorithms, a local opti-
mization solution opt with optimized hybrid precoding ma-
trices BoptRF and B
opt
BB is available for the energy efficiency
optimization in (8). However, the number of RF chains is fixed
for the solution opt. To maximize the energy efficiency, the
number of RF chains is further optimized based on the locally
optimal solution opt.
By analyzing (9) and (17), the number of RF chains NRF is
related not only to the size of the optimized hybrid precoding
matrices BoptRF and B
opt
BB but also to the entries of B
opt
RF and
BoptBB. Therefore, it is difficulty to derive an analytical solution
for the optimal number of RF chains. However, the number
of RF chains NRF is an positive integer and is limited in the
specific range [K;NTx]. In this case, we can utilize the ergodic
searching method to find the optimal number of RF chains
maximizing the energy efficiency in (8). Therefore, the EEHP
algorithm is developed to achieve the global optimization
solution for the energy efficiency optimization in (8).
Algorithm 3 Energy Efficient Hybrid Precoding (EEHP)
algorithm.
Begin:
1) For NRF = K : 1 : NTx (search all the possible values
of NRF from K to NTx)
For a certain value of NRF, calculate Bopt (NRF)
according to the EEHP-A algorithm;
Based on Bopt (NRF) and NRF, calculate
BoptRF (NRF) and B
opt
BB (NRF) according to the
EEHP-B algorithm;
Calculate opt (NRF) with B
opt
RF (NRF) and B
opt
BB (NRF);
End for
2) Find the optimal number of RF chains N optRF maximiz-
ing the energy efficiency;
3) Configure the global optimal hybrid precoding matri-
ces as BoptRF
 
N optRF

and BoptBB
 
N optRF

.
end Begin
Based on the EEHP algorithm, the global maximum energy
efficiency optglobal is achieved by configuring the number of
RF chains N optRF , the RF chain precoding matrix B
opt
RF
 
N optRF

and the baseband precoding matrix BoptBB
 
N optRF

. Considering
optglobal 6 opt 6 max, an suboptimal energy efficiency
optimization solution is found by the EEHP algorithm in this
section.
Furthermore, according to the computational complexity
of matrix calculation and iterative algorithms in [36]
and [37], the computational complexity of the proposed
algorithm is explained as follows: The complexity of
Algorithm 1 is calculated as O (NTxK) + O
 
N3Tx

floating
point operations (flops); the complexity of Algorithm 2
is calculated as O
 
N2TxK +N
3
RF +N
2
RFNTx +NTxNRFK

flops; combining Algorithm 1 and 2, the complexity
of the EEHP algorithm, i.e. Algorithm 3 is
calculated as O

(NTx  K)
 
N2TxK +N
3
RF +N
2
RFNTx
+NTxNRFK +N
3
Tx

flops.
IV. ENERGY EFFICIENT OPTIMIZATION WITH THE
MINIMUM NUMBER OF RF CHAINS
In general, the cost of RF chain is very high in wireless
communication systems. To reduce the cost of massive MIMO
systems, an energy efficient solution with the minimum num-
ber of RF chains is investigated in the following.
A. Energy Efficiency Hybrid Precoding with the Minimum
number of RF chains
Based on the function of RF chains and the hybrid precoding
scheme, the number of RF chains is larger than or equal
to the number of baseband data streams in massive MIMO
communication systems [9], [40]. In this paper the number of
baseband data streams is assumed to be equal to the number of
active UEs. Without loss of generality, the minimum number
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of RF chains is configured as NminRF = K, where K is the
number of active UEs in Fig. 1.
When the minimum number of RF chains is configured, the
RF precoding matrix BRF has a size of NTx  K, which is
exactly the size of the conjugate transpose of the downlink
channel matrix. Therefore, the entry of RF precoding matrix
BRF is directly configured as [16]
[BRF]i;j =
1p
NTx
eji;j ; (19)
where [BRF]i;j denotes the (i; j) th entry of the RF precoding
matrix BRF, and i;j is the phase of the (i; j) th entry of the
conjugate transpose of the downlink channel matrix.
When the downlink channel matrix HH and the RF chain
precoding matrix are combined together, an equivalent down-
link channel matrix for all K UEs is given by
HHeq = H
HBRF =

BHRFh1; :::;B
H
RFhk; :::;B
H
RFhK
H
= [h1;eq; :::;hk;eq; :::;hK;eq]
H 2 CKNRF
: (20)
Substitute (20) into (8), the energy efficiency optimization
problem is transformed as
~BoptBB = arg max
BBB
~ =
W
KP
k=1
~Rk;eq
1

KP
k=1
kBRFbBB;kk2 +KPRF + PC
s.t. ~Rk;eq >  k; k = 1; :::;K
KX
k=1
kBRFbBB;kk2 =
KX
k=1
Pk 6 Pmax
;
(21a)
where
~Rk;eq = log2
0BBB@1 + hHk;eqbBB;kbHBB;khk;eqKP
i=1;i 6=k
hHk;eqbBB;ib
H
BB;ihk;eq + 
2
n
1CCCA :
(21b)
Similar to the optimization problem in (8), the energy
efficiency ~ in (20) is maximized by the optimal baseband
precoding matrix ~BoptBB. Considering the objective function
in (21) is non-concave, it is intractable to solve for the
global optimum of ~. Therefore, a local optimum solution is
developed for (21) as follow.
Given that ~ is a function of the baseband precoding vector
of the kth UE, i.e. ~ (bBB;k), the gradient of ~ (bBB;k) is
derived by
@ (bBB;k)
@bBB;k
=
2
~P 2
h
~
k   ~k
i
bBB;k; (22a)
with [22b – 22e].
~
k =
Phk;eqh
H
k;eq
KP
j=1
hHk;eqbBB;jb
H
BB;jhk;eq + 
2
n
; (22b)
Fig. 2 Energy efficiency of the EEHP-MRFC algorithm.
~k =
KP
i=1
~Ri;eq
 ln 2
BHRFBRF+
P
KX
i=1;i 6=k
0B@ hHi;eqbBB;ibHBB;ihi;eq
~i
2
+ ~ihHi;eqbBB;ib
H
BB;ihi;eq
hi;eqh
H
i;eq
1CA
;
(22c)
~P =
1
W
 
1

KX
i=1
kBRFBBB;ik2 +KPRF + PC
!
; (22d)
~i =
KX
j=1;j 6=i
hHi;eqbBB;jb
H
BB;jhi;eq + 
2
n; (22e)
where ~i is the sum of the received interference and noise
power for the ith UE, ~Rk;eq is obtained by replacing k
with i in (21b). Replacing the results of (10) by the results
of (22), the baseband precoding matrix ~BoptBB is solved by
the EEHP-A algorithm. Substituting the baseband precoding
matrix ~BoptBB into the EEHP algorithm, a local optimum of
~ is solved. To differentiate this approach from the EEHP
algorithm, this algorithm is denoted as the energy efficient
hybrid precoding with the minimum number of RF chains
(EEHP-MRFC) algorithm.
To analyze the performance of EEHP-MRFC algorithm, nu-
merical simulation results are illustrated in Fig. 2. In generally,
the optimization result of EEHP-MRFC algorithm depends on
the initial values of the baseband precoding matrix, i.e. B(0)BB .
Without loss of generality, B(0)BB can be configured to have
equal entries as [21]
B
(0)
BB =
r
Pmax
K
1KK ; (23)
where 1KK denotes the K  K matrix whose entries are
equal to 1, the coefficient
q
Pmax
K is due to the maximum
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TABLE I Simulation parameters of EEHP algorithm [10], [38]–[40]
Parameter Value
Maximum transmit power Pmax 33 dBm
Minimum spectrum efficiency for each UE  k 3 bit/s/Hz
Power consumed by each RF chain PRF 48 mW
Power consumed by other parts of the BS PC 20W
The number of BS antennas NTx 200
Power amplifier efficiency  0.38
Noise power spectral density -174 dBm/Hz
Carrier frequency 28 GHz
Bandwidth 20 MHz
Cell radius 200 m
Minimum distance between the UE and the BS 10 m
Path loss exponent  4.6
The number of multipaths Nray 30
Azimuth  i and elevation angle #i Uniformly distributed within [0; 2]
transmit power constraint in the BS. The detailed simulation
parameters are list in Table I at the top of this page. Based on
the results in Fig. 2, the EEHP-MRFC algorithm converges
after a limited iteration number. Besides, the convergence
rate decreases the number of UEs increases. Moreover, the
converged value of the energy efficiency also decreases with
the increase of the number of UEs. This result indicates that
the energy efficiency of massive MIMO system is inversely
proportional to the number of active UEs.
B. Energy Efficiency Optimization Considering the Numbers
of Antennas and UEs
In practical engineering applications, the optimal number
of transmit antennas and the optimal number of UEs can be
performed by the resource management and the user schedule
schemes for maximizing the energy efficiency of 5G wireless
communication systems. However, the EEHP algorithm can
not directly derive the analytical number of transmit antennas
and UEs for maximizing the energy efficiency of 5G wireless
communication systems. Therefore, we try to derive the op-
timal number of transmit antennas and UEs for maximizing
the energy efficiency of 5G massive MIMO communication
systems. To simplify the derivation, a specified scenario with
rich scattering and multipaths propagation in a millimeter
wave wireless channels is considered for the ergodic capacity
calculation in this paper. Based on measurement results of
millimeter wave channels in [29], [41], [42], the Rayleigh
fading model can be adopted to describe the considered
millimeter wave wireless channels.
Assume that the transmitter, i.e., the BS has the perfect CSI.
When the minimum number of RF chains is configured and
the ZF precoding is adopted in the system model [8], based
on (19) and (20), the baseband precoding matrix is given by
BBB = Heq
 
HHeqHeq
 1
D; (24)
whereD is a KK diagonal matrix, which aims to normalize
BBB. Assume that Pout is the total BS downlink transmit power
consumed by K active UEs. To simplify the derivation, the
equal power allocation scheme is assumed to be adopted for all
K active UEs. Substituting (24) into (5), the normalized link
capacity, i.e. the link spectral efficiency of UEk is expressed
as [23]
Rk;ZF = log2
0B@1 + Pout
K
h 
HeqHHeq
 1i
k;k
1CA : (25)
Based on Jensen inequality, the upper-bound of the ergodic
link capacity of UEk is derived by
E (Rk;ZF) 6 R^k;ZF = log2
2641 + E
0B@ Pout
K
h 
HeqHHeq
 1i
k;k
1CA
375 ;
(26)
where E () is the expectation operation taken over the
Rayleigh fading channel H within Heq = BHRFH. Diagonal
and off-diagonal entries of Heq are given by
[Heq]k;k = h
H
k bRF;k =
1p
NTx
NTxX
i=1
[H]i;k; (27a)
[Heq]j;k = h
H
j bRF;k =
1p
NTx
NTxX
i=1
[H]i;je
ji;k ; (27b)
where bRF;k is the kth column of BRF. With Rayleigh fading
channel considered and based on results in [16], the diagonal
entry of Heq is governed by a normal distribution, i.e.,
[Heq]k;k  N


p
NTx
2 ; 1  4

and the off-diagonal entry
of Heq is governed by a standard normal distribution, i.e.,
[Heq]j;k  CN (0; 1). Considering massive MIMO antennas
are equipped at the BS, without loss of generality, the number
of BS antennas is assumed to be larger than or equal to 100, i.e.
NTx > 100. In this case the expected value of diagonal entries
is much larger than the expected value of off-diagonal entries
in Heq. Therefore, the expected value of the off-diagonal
entries can be set to zero in Heq, and Heq is approximated
as a diagonal matrix [16]. Based on (26), the upper-bound of
the ergodic link capacity of UEk is approximated as
R^k;ZF  log2
h
1 + E

Pk [Heq]
2
k;k
i
= log2

1 + E

Pk

NTx
2    + 4
4
; (28)
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When the ergodic link capacity is replaced by the upper-
bound of the ergodic link capacity, the upper-bound of the BS
energy efficiency is derived by
^ZF =
Klog2

1 + PoutK

NTx
2 +4
4

1
Pout +K (PRF + PBB) + P
0
C
; (29)
where PBB is the power consumed by the baseband processing
for the baseband data stream, P 0C is the fixed BS power
consumption without the power consumed for the downlink
transmit, the RF chains and the baseband processing.
For the upper-bound of the BS energy efficiency in (29),
the following proposition is given.
Proposition: Considering the impact of the number of UEs
and transmit antennas on the BS energy efficiency, a function
G (K;NTx) is formed as (30)
G (K;NTx) =
"
Pout (PRF + PBB)
 
NTx
2    + 4 
4
Pout + 4P
0
C

ln2
+
Pout
 
NTx
2    + 4
4K ln 2
#
-
"
1 +
Pout
 
NTx
2    + 4
4K
#

log2
"
1 +
Pout
 
NTx
2    + 4
4K
# :
(30)
When G (1; 100)  0, there exists a critical number of
antennas NCriTx . The critical number of antennas N
Cri
Tx is the
smallest integer which is larger than or equal to the root of
the equation G (1; NTx) = 0. When NTx  NCriTx , there exists
an optimal number of UEs Kopt  1 which maximizes the BS
energy efficiency as ^MaxZF . K
opt is solved by the integer closest
to the root of the equation G (K;NTx) = 0. WhenNTx < NCriTx ,
the maximum BS energy efficiency ^MaxZF is achieved with the
number of UEs K = 1. Moreover, the BS energy efficiency
^ZF decreases with the increase of the number of UEs K.
When G (1; 100) < 0, there exists an optimal number
of UEs Kopt which maximizes the BS energy efficiency as
^MaxZF . When the number of antennas NTx is given, the optimal
number of UEs Kopt is solved by the integer closest to the
root of the equation G (K;NTx) = 0.
Proof: The proposition is proved in Appendix.
Note that in the above proposition and the corresponding
appendix, the minimum number of antennas is set as 100
considering the massive MIMO scenario. Based on the results
in [16], the approximation in (28) is guaranteed to hold when
the number of antennas is larger than or equal to 100. Based on
the Appendix, G (1; NTx) is a monotonous decreasing function
with respect to NTx. Utilizing the bisection method, the critical
number of antennas searching (CNAS) algorithm is developed
to solve the critical number of antennas NCriTx .
Algorithm 4 Critical Number of Antennas Searching
(CNAS) algorithm.
Begin:
1) Preset the initial lower bound of searching range
NLowTx = 100 and the initial upper bound of searching
range NHighTx = 1000;
2) Adjust the upper bound of the range until
G

1; NHighTx

is less than or equal to 0.
While G

1; NHighTx

> 0
Do NHighTx = N
High
Tx  2;
End
3) Preset the median value as NTempTx =
NLowTx +N
High
Tx

=2 .
4) Keep searching until the median value satisfies
G

1; NTempTx

= 0.
While G

1; NTempTx

! = 0
If G

1; NTempTx

> 0
NLowTx = N
Temp
Tx ;
Else
NHighTx = N
Temp
Tx ;
End
NTempTx =

NLowTx +N
High
Tx

=2 ;
End
5) Configure the critical number of antennas as the small-
est integer not less than the final median value, i.e.,
NCriTx =
l
NTempTx
m
.
end Begin
When the critical number of antennas NCriTx is obtained
by the CNAS algorithm, the optimal number of UEs Kopt
is solved by G (K;NTx) = 0 which maximizes the BS
energy efficiency ^MaxZF . Considering G (K;NTx) monotonously
decreases with the increase of the number of UEs K, the UE
number optimization (UENO) algorithm is developed to solve
the optimal number of UEs Kopt by the bisection method.
Since the above CNAS and UENO algorithm are based on
the bisection method, the computational complexity of the
CNAS and UENO algorithms are calculated as O [log2

NHighTx
 NLowTx

and O [log2 (KHigh  KLow)], respectively [43].
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Algorithm 5 The UE Number Optimization (UENO) algo-
rithm.
Begin:
1) Preset the initial lower bound of the searching range
KLow = 1 and the initial upper bound of the searching
range KHigh = 40;
2) Adjust the upper bound of the range until
G (KHigh; NTx) is less than or equal to 0;
While G (KHigh; NTx) > 0
Do KHigh = KHigh  2;
End
3) Preset the median value as KTemp =
(KLow +KHigh)/2;
4) Keep searching until the median value satisfies
G (KTemp; NTx) = 0;
While G (KTemp; NTx) ! = 0
If G (KTemp; NTx) > 0
KLow = KTemp;
Else
KHigh = KTemp;
End
KTemp = (KLow +KHigh)/2;
End
5) Configure the optimal number of UEs as the inte-
ger closest to the final median value, i.e., Kopt =
dKTemp   1/2e.
end Begin
V. SIMULATION RESULTS
Energy efficiency optimization solutions with respect to
the number of RF chains, transmit antennas and active UEs
are simulated in the following. Without loss of generality,
the number of active UEs is configured as 10. Other default
parameters are listed in Table I.
The EEHP algorithm is proposed in Section III to maximize
the BS energy efficiency. To tradeoff the energy and cost
efficiency of the BS RF circuits, the EEHP-MRFC algorithm
is developed in Section IV. To analyze the proposed EEHP
and EEHP-MRFC algorithms, the energy efficient digital
precoding (EEDP) algorithm and sparse precoding algorithm
are simulated for performance comparisons. In the EEDP
algorithm, the energy efficiency of 5G wireless communication
systems is obtained by substituting the optimal digital pre-
coding vectors boptk derived from the EEHP-A algorithm into
(9). The sparse precoding algorithm in [11] is also simulated,
which implements a spectrum efficiency maximization hybrid
precoding scheme.
The two proposed algorithms along with the EEDP algo-
rithm, the sparse precoding algorithm and the traditional ZF
precoding algorithm are compared in Fig. 3. In order to better
compare the energy efficiency performance of the algorithms,
Fig. 3 Energy efficiency with respect to the total transmit power.
Fig. 4 Energy efficiency with respect to the number of transmit
antennas considering different numbers of multipaths.
the total transmit power for all the UEs is used as the
comparison standard [20], [44]. For each algorithm, the energy
efficiency first increases with the increasing total transmit
power. When the total transmit power exceeds a given thresh-
old, the energy efficiency starts to decrease. The variation
tendencies of the curves coincide with the previously published
results [20], [44]. When the total transmit power is fixed,
the EEDP algorithm has the highest energy efficiency which
is consistent with the analysis result in Section III. The ZF
precoding algorithm has the lowest energy efficiency because
it uses the same number of RF chains as antennas, which leads
to the highest power consumption for the RF chains. Besides,
the sparse precoding algorithm performs more poorly than the
EEHP algorithm but outperforms the EEHP-MRFC algorithm
in terms of energy efficiency for 5G wireless communication
systems. Although the energy efficiency of the EEHP-MRFC
algorithm is not the best result, this algorithm is valuable for
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Fig. 5 Energy efficiency with respect to the number of RF chains
considering different numbers of multipaths.
reducing the transmitter cost and the design complexity by
minimizing the number of RF chains. In practical applications,
the selection of the EEHP algorithm or the EEHP-MRFC
algorithm depends on the desired tradeoff between the energy
and cost efficiency for 5G wireless communication systems.
Fig. 4 illustrates the BS energy efficiency with respect to
the number of transmit antennas considering different numbers
of multipath components. The sparse precoding and EEDP
algorithms are also simulated to compare with the two pro-
posed EEHP and EEHP-MRFC algorithms. It can be seen that
the BS energy efficiency increases with increasing numbers of
the transmit antennas. Meanwhile, increasing the number of
multipath components yields the highest BS energy efficiency
when the number of transmit antennas is fixed. Decreasing
energy efficiency results are yielded by the algorithms in the
order EEDP, EEHP, sparse precoding and finally the EEHP-
MRFC algorithm, respectively.
The BS energy efficiency with respect to the number of
RF chains is shown in Fig. 5. As for the EEDP and EEHP
algorithms, the BS energy efficiency first increases then de-
creases with increasing numbers of the RF chains. For the
sparse precoding and EEHP-MRFC algorithms, the BS energy
efficiency always decreases when increasing the number of RF
chains. When the number of multipaths is fixed as 30 and the
number of RF chains is less than or equal to 26, the energy
efficiency of the EEHP-MRFC algorithm is larger than that
of the sparse precoding algorithm. Further, when the number
of RF chains is larger than 26, the energy efficiency of the
EEHP-MRFC algorithm is always less than that of the sparse
precoding algorithm.
In Fig. 6, the spectrum efficiency as a function of the
number of RF chains and the number of multipaths is il-
lustrated. It can be seen that sparse precoding algorithm has
the highest spectrum efficiency. As for EEDP and EEHP
algorithms, the spectrum efficiency increases with increasing
the numbers of the RF chains. Considering that the number
Fig. 6 Spectral efficiency with respect to the number of RF chains
considering different numbers of multipaths.
Fig. 7 Energy efficiency with respect to the number of UEs
considering ZF baseband precoding and the minimum number of
RF chains.
of RF chains always equals the number of UEs in the EEHP-
MRFC algorithm, the spectrum efficiency of the EEHP-MRFC
algorithm decreases with the increase of the number of RF
chains. When the number of the RF chains is fixed, decreasing
spectrum efficiency results are yielded by the algorithms in the
order sparse precoding, EEDP, EEHP, and finally the EEHP-
MRFC algorithm, respectively.
The impact of the number of transmit antennas and the
number of UEs on the BS energy efficiency is investigated
in Section IV.B. Based on the CNAS and UENO algorithms,
numerical simulations are shown in Fig. 7. Without loss of
generality, the number of transmit antennas are configured as
100, 150 and 200, respectively. The power consumed by other
parts of the BS is configured as PC = 20W in Fig. 7. The BS
energy efficiency first increases then decreases with increasing
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of the number of UEs. The maximums of the BS energy
efficiency correspond to the optimal numbers of UEs 35, 50
and 55, respectively, which is consistent with the optimal
number of UEs obtained from the proposition.
VI. CONCLUSION
In this paper, the BS energy efficiency considering the
energy consumption of RF chains and baseband processing
is formulated as an optimization problem for 5G wireless
communication systems. Considering the non-concave feature
of the objective function, an available suboptimal solution
is proposed by the EEHP algorithm. To tradeoff the energy
and cost efficiency in RF chain circuits, the EEHP-MRFC
algorithm is developed for 5G wireless communication sys-
tems. Based on the CNAS and UENO algorithms, the energy
efficiency of 5G wireless communication systems can be
maximized by optimizing the number of UEs and BS antennas,
which is easily employed in the user scheduling and resource
management schemes. Compared with the maximum energy
efficiency of conventional ZF precoding algorithm, numerical
results indicate that the maximum energy efficiency of the
proposed EEHP and EEHP-MRFC algorithms are improved
by 220% and 171%, respectively. Moreover, the difference
between the EEHP algorithm and the EEHP-MRFC algorithm
is illustrated by numerical simulation results. Furthermore, our
results provide some available suboptimal energy efficiency
solutions and insights into the energy and cost efficiency of RF
chain circuits for 5G wireless communication systems. For the
future study, we will try to investigate the energy and spectral
efficiency optimization of 5G radio frequency chain systems
in the multi-cell scenario.
APPENDIX
Proof to Proposition:
To simplify the derivation, some variables are defined as
follows: z = 1K , z 2 (0; 1] , a = Pout

NTx
2 +4
4

, b =
1
Pout + P
0
C and c = (PRF + PBB). The derivative of ^ZF with
respect to z is given by
d^ZF
dz
=
d

log2(1+az)
c+zb

dz
=
a(c+zb)
(1+az) ln 2   blog2 (1 + az)
(c+ zb)
2
=
 
ac
b ln 2 +
a
ln 2z
  (1 + az) log2 (1 + az)
1
b (c+ zb)
2
(1 + az)
: (31)
When the numerator of (31) is defined by
f (z; a) =
 ac
b ln 2
+
a
ln 2
z

  (1 + az) log2 (1 + az) ; (32)
(31) is simply rewritten as d^ZFdz =
f(z;a)
1
b (c+zb)
2(1+az)
.
Since @f(z;a)@z =
a
ln 2  
 
a log (1 + az) + aln 2

< 0, f (z; a)
monotonously decreases with increase of z 2 (0; 1] . More-
over, the limitation of f (z; a) is derived by
lim
z!0+
f (z; a) =
ac
b ln 2
> 0: (33)
If f (1; a) > 0, then f (z; a) > 0, z 2 (0; 1] . Furthermore,
we have the result d^ZFdz > 0. Therefore, ^ZF monotonously
increases with increase of z 2 (0; 1] . In other words, ^ZF
monotonously decreases with the increase of K. In this case,
the BS energy efficiency ^ZF is maximized by K = 1. If
f (1; a) < 0, there must exist an optimal value zopt, zopt 2
(0; 1] , which ensures f (zopt; a) = 0. The integer closest to
1/zopt is the optimal number of UEs Kopt which maximizes
the BS energy efficiency ^ZF.
The differential of f (1; a) with respect to a is derived by
@f (1; a)
@a
=
c
b ln 2
  log2 (1 + a) : (34)
(34) implies that @f(1;a)@a decreases with increase of a. When
the number of transmit antenna is configured as NTx = 1, i.e.
a is minimized as amin, the corresponding differential result
is @f(1;a)@a

a=amin
< 0 considering the practical value range of
Pout, P 0C, PRF and PBB [10], [26], [45], [46]. Therefore, we
have the result @f(1;a)@a < 0 for all available values of a. As
a consequence, f (1; a) monotonously decreases with increase
of a 2 [amin;1).
Substitute z = 1K , z 2 (0; 1] , a = Pout

NTx
2 +4
4

,
b = 1Pout + P
0
C and c = (PRF + PBB) into (32), the function
G (K;NTx) is transformed by f (z; a). When f (1; amin) < 0,
i.e., G (1; 100) < 0, there exists an optimal value zopt which
ensures f (zopt; a) = 0 and maximizes the BS energy effi-
ciency ^ZF. The integer closest to 1/zopt is the corresponding
optimal number of UEs Kopt.
When f (1; amin) > 0, i.e. G (1; 100) > 0, there
exist a critical number of antennas NCriTx which ensures
f (1; a)
NTx=NCriTx = 0. When NTx > NCriTx , there exists an op-
timal value zopt which ensures f (zopt; a) = 0 and maximizes
the BS energy efficiency ^ZF. As a consequence, the integer
closest to 1/zopt is the corresponding optimal number of UEs
Kopt. When NTx < NCriTx , ^ZF monotonously decreases with
the increase of K. In this case, the BS energy efficiency ^ZF
is maximized by K = 1.
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